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This paper considers the costs and benefits of inflation using a stochastic ver-
sion of Townsend’s turnpike model in which agents of each type are allowed to
remain at a trading post for multiple periods. Numerical results show that moder-
ate rates of inflation can be welfare-improving, but only when private credit mar-
kets are extremely limited. More generally, the existence of private credit markets
curtails the ability of inflationary policy to do both harm and good. In addition, the
welfare consequences of inflation depend on how much information about the
economy the government has access to when implementing its policies. Journal of
Economic Literature Classification Numbers: D52, E31. @ 1994 Academic Press, Inc.

[. INTRODUCTION

Milton Friedman’s (1969, p. 34) prescription, that the money stock be
continuously contracted so as to produce ‘‘a rate of price deflation that
makes the nominal rate of interest equal to zero,’” constitutes optimal
policy in many popular economic models. Brock’s (1975) money-in-the-
utility-function model, Benhabib and Bull’s (1983) transactions costs
model, and Cooley and Hansen’s (1989) cash-in-advance model all de-
scribe general equilibrium environments in which Friedman's rule ap-
plies. Each of these models contains impediments to trade that provide a
role for government-issued money in facilitating exchange; each model
captures what Friedman (1969, p. 3) calls the *’transactions’’ demand for
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money. Deflation, brought about by a monetary—fiscal policy combination
that levies identical lump-sum taxes on all agents to finance a steady
withdrawal of money from circulation, allows agents to overcome the
impediments to trade at no cost.! Thus, the Friedman rule supports a
Pareto-optimal allocation.

Money also facilitates trade in Townsend’s (1980) turnpike model of
exchange. Unlike the representative agent models cited above, however,
the turnpike mode! introduces heterogeneity into agents’ endowment pat-
terns. While Friedman-style deflation supports a Pareto-optimal alloca-
tion, implementing the Friedman rule requires the government to levy
different taxes on different agents. As emphasized by Sargent (1987, p.
224), therefore, the turnpike model serves to point out a potential diffi-
culty with the Friedman rule: the government may need enough informa-
tion about the economy and its inhabitants to distinguish between agents
of different types.

Levine (1991) and Kehoe et al. (1992) take Townsend’s work a step
further by giving agents random endowments. Their stochastic version of
the turnpike model continues to capture the transactions demand for
money, in the sense that market frictions render nonmonetary trade im-
possible. But agents use money primarily to insure against negative in-
come shocks, so this model accounts for a second motive that Friedman
calls (1969, p. 3) the ‘‘asset’ demand for money. In this model, an agent
who experiences a streak of bad luck may run out of money in finite time.
Thereafter, he cannot purchase goods as long as his hard luck continues.
Equal lump-sum transfers of money from the government to all agents
will, in such circumstances, permit otherwise infeasible transactions to
occur.? Inflationary policy causes agents to economize on their holdings
of real balances and thereby inhibits trade; this is the same cost of infla-
tion that is identified by models of the transactions demand for money. At
the same time, however, inflationary policy prevents agents from running
out of cash when they need it most; this is a benefit of inflation that is
associated with the asset demand for money. The benefits often exceed
the costs when the government cannot distinguish between agents of

" Wallace (1980) identifies monetary policy with asset exchange and fiscal policy with
asset creation. In his terms, the monetary side of this deflationary policy involves open
market exchanges of government bonds for money, while the fiscal side involves retiring the
bonds using the proceeds from lump-sum taxation. All of the models cited here combine the
monetary and fiscal authority into a single government entity, so that deflation can be
described as resulting directly from a monetary contraction financed by lump-sum taxation.
It is clear, nonetheless, that elements of both monetary and fiscal policy are required to
implement the Friedman rule.

2 Note that like the deflationary policy called for by the Friedman rule, the inflationary
policy described here involves elements of both monetary and fiscal policy.
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different types, so that moderate inflation is preferable to both zero infla-
tion and Friedman-style deflation.

This paper follows Levine (1991) and Kehoe et al. (1992) by considering
the costs and benefits of inflationary policy in a stochastic version of
Townsend’s turnpike model. But in addition to extending Townsend’s
(1980) original specification by randomly distributing the aggregate en-
dowment between two sets of agents, this paper also allows agents to
remain at a trading post for multiple periods, as first suggested by Ma-
nuelli and Sargent (1992). This additional extension makes the turnpike
model presented here more general than previous versions along one key
dimension. In the earlier models, noninterest-bearing, government-issued
money is the only financial asset; here, agents have access to markets for
private securities as well.

Assumptions that rule out the existence of private credit markets are
common, not only in previous work with stochastic turnpike models, but
in all work that examines the asset demand for money. Bewley (1980,
1983), Scheinkman and Weiss (1986), and Imrohoroglu (1992), for exam-
ple, all present models in which money is the sole asset with which agents
can insure against income fluctuations. Friedman himself notes (1969, p.
3), however, that in reality there are assets besides money that agents
accumulate for insurance purposes. Allowing for longer trading periods in
the turnpike model, so that money and private securities coexist, there-
fore recognizes an aspect of reality that related studies often ignore.

The paper focuses on the two potential difficulties with the Friedman
rule that are identified in earlier work with the turnpike model. The first
set of results is obtained, following Levine (1991) and Kehoe et al. (1992),
under the assumption that the government cannot respond to the state of
the economy or distinguish between agents of different types when imple-
menting its policies. The results demonstrate that the beneficial effects of
inflation found in earlier work are quantitatively significant only when the
length of the trading session is such that money is the only asset. When
the trading session is extended so that money and private securities co-
exist, inflation ceases to be welfare-improving. The results suggest, there-
fore, that the insurance-providing role of inflationary policy, brought
about by the asset demand for money, is likely to be important only where
credit markets are extremely attenuated. Where even limited credit mar-
kets exist, the dominant effect of inflation is to inhibit trade, exactly as in
models of the transactions demand for money. More generally, the results
show that the power of inflationary policy to do both harm and good
diminishes as the scope for private credit arrangements expands. As-
sumptions that shut down private credit markets in models of the asset
demand for money are, therefore, important determinants of these
models’ policy implications.
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The second set of results returns to the informational issues first raised
by Townsend (1980). As in Townsend’s original model, the Friedman rule
supports a Pareto-optimal allocation in the stochastic turnpike model, but
requires that the government possess enough information to discriminate
between agents of different types. Even when the government cannot
distinguish between agent types, however, policies exist that feature zero
inflation on average and are welfare-improving relative to those that gen-
erate consistently positive inflation rates. These policies are feasible only
when some of the informational constraints imposed on the government
by Levine (1991) and Kehoe ez al. (1992) are relaxed, but require less
information to implement than the Friedman rule. The results echo
Sargent’s (1987, p. 270) conclusion that ‘‘whether or not inflation is ‘bad’
--- depends on how new currency is injected into the system.”’ The results
show, therefore, that informational assumptions that constrain the ways
in which the government can increase the money supply are also impor-
tant in determining the policy implications of models of the asset demand
for money.

In describing an environment where agents have an asset demand for
money and where money and private securities coexist, this paper is
related to several others in the recent literature. Manuelli (1990) presents
a stochastic version of the overlapping generations (OG) model to show
that money can have value because it serves, in part, as a vehicle for
insurance. Like the turnpike model presented here, Manuelli’s OG model
provides an example of how the asset demand for money arises when
some markets for private securities are closed. Aiyagari (1988) takes the
deterministic OG model and extends the lifetime of each generation be-
yond the usual two periods. He thereby obtains a model in which some
transactions are accomplished through the exchange of private securities
while others require government-issued money. Aiyagari finds that the
role for money diminishes as the length of each generation’s lifetime
extends to infinity, just as it does in the stochastic turnpike model as the
length of each trading session grows. Finally, Azariadis and Smith (1993)
develop a stochastic OG model with private information that illustrates
how the introduction of money can actually curtail insurance possibilities
for one class of agents; in the stochastic turnpike model, in contrast,
money expands insurance possibilities for all agents. None of these three
papers conducts a quantitative analysis of welfare like the one presented
here. But by demonstrating that the OG and turnpike models can differ
along other dimensions, Azariadis and Smith’s work suggests that such an
analysis would likely yield additional insights.>

3 Townsend (1980) shows that the welfare properties of monetary equilibria in his determi-
nistic turnpike model differ from those in the deterministic OG model. His results also
suggest that a quantitative investigation of welfare in stochastic monetary OG models would
yield resuits that differ from those obtained here with the stochastic turnpike model.



INFLATIONARY POLICY WITH CREDIT MARKETS 249

The stochastic turnpike model is presented in the next section. A com-
petitive equilibrium for the economy is defined in Section 3 and character-
ized in Section 4. Section 5 then assesses the costs and benefits of infla-
tionary policy in the turnpike model, focusing on the question of whether
the results of Levine (1991) and Kehoe et al. (1992) continue to apply
when the scope for private credit arrangements expands. Section 6 de-
scribes how policy is constrained by the content of the government’s
information set and shows how the effects of inflation depend crucially on
how policy can be implemented. Section 7 briefly reviews the results and
suggests directions for future research.

2. THE STOCHASTIC TURNPIKE MODEL

As in Townsend (1980) and Manuelli and Sargent (1992), the economy
consists of a large number of infinite-lived agents who are distributed
uniformly into a countable number of trading posts located at discrete
intervals along a turnpike of infinite length. The trading posts are spatially
isolated, meaning that agents at one post can neither trade nor communi-
cate with agents at other posts.

The agents are of two types, indexed by i € {0, 1}; at any given time ¢ =
1,2,3,. .., there are equal numbers of each type at each trading post.
At the end of each period r = N, 2N, 3N, . . ., where N = 1, each agent
of type 0 leaves his trading post, arriving at the next post to the east along
the turnpike at the beginning of the following period. Simultaneously,
each type 1 agent moves one market to the west. Thus, agents of different
types remain together for a single N-period trading session before moving
on, never to meet again.

Uncertainty is introduced into the turnpike model by randomly distrib-
uting the aggregate endowment between two sets of agents. In each pe-
riodr=1,2,3,. . .,the endowment shock s, € {0, 1} is revealed to the
agents. The timing of this revelation is such that when an agent is moving
between two posts he leaves the first before, but arrives at the second
after, s, becomes known. If s, = 0, then each type 0 agent in the economy
receives an endowment of wy units of a perishable consumption good in
period t, while each type 1 agent receives only o). < wy units of the good.
If s, = 1, then type 1 agents get the high endowment wy in period ¢, while
type 0 agents get the low endowment w;_ . The constant size of the aggre-
gate endowment is normalized so that oy + @y = 1. The shock s, is
independently and identically distributed (iid) over time, with equal prob-
ability of either outcome.

Agents have common preferences over state-contingent consumption,
represented by the additively time-separable expected utility function

£ {3 pucc),
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where 8 € (0, 1) is the discount factor, ¢, is consumption at date ¢, and u(-)
is strictly increasing and strictly concave.

Preference and endowment patterns are such that trade will only take
place intertemporally between agents of different types. Itineraries are
such that private debt contracts can be used to facilitate trade between
agents only across periods during which they remain paired at the same
trading post. As the only available outside asset, government-issued
money is valued in this environment since, unlike private securities that
must be redeemed before agents move on, cash can be carried across
trading posts.* The importance of money in the economy depends in-
versely on the length N of each trading session. With N = |, private credit
markets are ruled out completely; as in the earlier models of Bewley
(1980, 1983), Scheinkman and Weiss (1986), Levine (1991), Kehoe er al.
(1992), and Imrohoroglu (1992), money is the only financial asset. As N
increases, the scope for private credit markets expands and the role for
money diminishes.

The government supplies each agent of type i with M} units of money
prior to the beginning of period 1, where a normalization yields M{§ +
M} = 1. It augments (or contracts) this initial supply with lump-sum
transfers (or taxes) of amount H' to each agent of type i at the beginning of
each period t = 1, 2, 3, . . . . Thus, with twice the per-capita money
supply at the end of period ¢ denoted by M; and with My = 1,

Mi=H®+ H!+ M,

forallt =1,2,3,. . ..Ingeneral, the transfers at time ¢ will be allowed
to depend on the realization of s = {s, 52, . 5.1, the history of
endowment shocks through period 7, so that H; = Hi(s') and M} = M*(s").

3. COMPETITIVE EQUILIBRIUM DEFINED

Following Townsend (1980) and Manuelli and Sargent (1992), attention
is confined here to symmetric equilibria, meaning those in which agents
with identical endowments and money holdings receive identical con-
sumption allocations. Also, just as the earlier studies focus on equilibria
with periodic outcomes, reflecting periodic endowment specifications,
the analysis here focuses on equilibria in which outcomes are described

4 Equilibria no doubt exist in which private debt contracts do get carried across trading
posts, have positive value, and are never redeemed by their issuers. Townsend (1980, p. 269)
notes, however, that such inconvertible, privately-issued exchange media would be *‘virtu-
ally indistinguishable’” from government-issued fiat money. Hence it is assumed here that
money is the oaly financial asset that is carried across trading posts in equilibrium.
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by time-invariant functions of a minimal number of state variables, reflect-
ing the simple structure of the endowment process.’ Under these addi-
tional assumptions, competitive equilibria for the stochastic turnpike
economy may be completely characterized by describing the optimizing
behavior of two representative agents (one of each type) and the market
clearing process at a single representative trading post.

The restriction that private debt contracts cannot be extended beyond
an N-period trading session, taken together with the assumptions of the
time-separability of preferences, the iid structure of shocks, and the ab-
sence of storage possibilities, imply that the infinite horizon economy may
be studied as a sequence of N-period economies. Each member of the
sequence is linked to its predecessor and follower by the distribution of
cash balances across agent types at the beginning and end of each trading
session. At each date t € T={I, N+ 1,2N + 1, . . . }, agents trade
claims for state-contingent delivery of consumption goods and money
over the following N — 1 periods, taking the realized history s’ = {s,, 53,
. . ., &) as given, since s’ is revealed before agents arrive at their new
posts at the beginning of time ¢.

Thus, forany t =1, 2,3,. . ., let yi(s") and c‘(s?) denote the endow-
ment and consumption of a representative type i agent in period ¢ after the
history s‘ has been realized. Similarly, let mi(s*~!) denote the fraction of
the total money supply held at the end of period ¢+ — 1, and hence carried
into period ¢, by the representative type i agent after the history s*~! has
been realized. Since the endowment process is iid, yi(sf) = yi(s,), with
y2%0) = y(1) = wy and y%1) = y(0) = wL.

For any ¢t € T, let h' denote the set of all possible histories s’ through
time t. Forany s'€ hfandanyj=0,1,. . ., N — |, let h/(s%) denote the
set of all histories s/ = {s;,. . ., s, . . ., 5} that can possibly follow
s'. Forany s'% € W(s"), let q,(s'*) denote the price, in time ¢ following the
realization of s’, of a claim to one unit of consumption in time ¢ + j upon
the realization of s'*, in terms of time ¢ consumption. Similarly, let
p.(s7*/) denote the price, in time 7 following the realization of s/, of a claim
to one unit of money in time t + j upon the realization of s'*/, also in terms
of time 7 consumption. Note that ¢,(s") = 1 by definition, while p,(s’) is the
inverse of the price level at time ¢.

As sources of funds during each trading session, the representative type
i agent has the money that he carries into the session, the state-contingent
endowment stream that he receives during the session, and the state-
contingent government transfers that he receives during the session. A
neutrality argument such as those used throughout Sargent (1987) indi-
cates that for each ¢t € T and s’ € b, only the present discounted value of

$ This is not to say that an investigation of nonsymmetric or nonstationary equilibria
would not be of interest, only that it is left here as a task for future research.
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the lump-sum government transfers received over the entire course of the
time ¢ trading session will enter into the representative type i agent’s
decision-making process; the timing of these transfers does not matter. It
can therefore be assumed without loss of generality that all transfers are
made in the initial period of each trading session, so that Hi(s'*/) = 0 for
all s* € h/(s’) with j # 0.

As uses of funds in each trading session, the representative type i agent
has his state-contingent consumption stream as well as the money that he
wishes to carry into the next trading session. The spatial organization of
exchange implies that the agent’s sources and uses of funds must balance
over the course of each N-period trading session. Thus, the representa-
tive type i agent’s problem can be stated formally as:

Problem. Given M} and given yi(s'*), H(s"), g,(s'*/), and p,(s'*/) for
alteT,s'€h’,j=0,1,. . .,N— 1, and s'* € h/(s%), choose ¢(s'*)
and mi(s“*¥ " Yforall: €T,s'el’,j=0,1,. . .,N—1,s" € hi(s’), and
sitN-1 € hN~I(s) to maximize

N-1
222 2 By tulc(s)]

1€T s'el’ j=0 s'*chis")
subject to

psHmi(s"YMs(s' ) + Hi(s"]

N-1
+ Z 2 g(s™)yi(st) = 2 2 g7 ci(st)
j=0 s'tiehi(sh J=0 s'"HeW(s)

+ Z p,(s”N")mi(s'+N_')MS(S’+N—’)

sIrN- e~ I(sty

forall 1t € T and s* € h' and
1 = mi(sH-N—l) =0

forall: € T, s’ € W, and s*¥-1 € hV-I(s9).

The objective function in this problem is the representative type i
agent’s expected utility, written to reflect the fact that the probability that
any history s'*/ will be realized through time ¢ + j is just (1/2)!*/. The first
constraint is the agent’s budget constraint, which formalizes the require-
ment that his sources and uses of funds must balance over the course of
each trading session. Thus, the money that he carries into the trading
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session, his government transfer, and his state-contingent endowment
stream appear on the left-hand side; his state-contingent consumption
stream and the money that he carries out of the trading session appear on
the right. The second constraint simply indicates that the agent’s share of
the money supply must be a fraction between zero and one.

A competitive equilibrium for the stochastic turnpike economy is de-
fined as a set of prices and quantities such that all agents are optimizing
and all markets clear:

DEFINITION. A competitive equilibrinm consists of the initial condi-
tions M) and M} and the prices and quantities yi(s'*), Hi(s"), ci(s'/),
mi(s™NN, g(s'), and p,(s'Y) fori € {0, 1}, allt €T, s' € h’,j =0, 1,

., N =1, s € hi(s), and s"*N-1 € h¥-1(s") such that

(i) Fori € {0, 1}, the ci(s'*/) and m(s'*N~") solve the representative
type i agent’s problem given the Mg, y'(s'¥), H'(s’), q(s'*/), and p,(s"*).
(i1) The yi(s'%), c/(s'¥), and m(s'*N-1) satisfy
(a) CO(S'ﬁ) + CI(SHj) = yO(sl+j) = y‘(s’*f) =1
(b) mO(sHN-I) + mi(s™ N = 1.

4. COMPETITIVE EQUILIBRIUM CHARACTERIZED
The representative type i agent’s first order conditions are
(B2Vu'{ci(s")} = qs")u'[c'(s")] ey
forallt€T,s"€h,j=0,1,...,N—1,and s'¥ € W(s') and
pAs" NN ci(sT)]) = En-f(BY 2V D pan (s N [ei(s N}, (2)
with equality if mi(s'*¥ ") >0, forallt €T, s € b, and s"*N¥"1 € hV-Y(5),
where E,.y_i{-} indicates that the expectation is conditional on time ¢ +
N — 1 information, that is, conditional on the realization of s**N-!,
Equation (1), along with the market clearing condition for goods listed
in the definition of competitive equilibrium, implies that g.(s**) = (8/2)/

and that within each trading session, each agent’s consumption is con-
stant across date—state combinations; that is,

ci(s™) = ¢i(s") 3)

forallteT,s'€h,j=0,1,. . .,N—1,and s'¥ € WW(s"). Equation (3)
indicates that marginal utilities are equated and hence the gains from trade
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are exhausted within each trading session, when private credit markets
are operative. By trading in private securities at date t € T, agents in the
stochastic turnpike model are able to fully insure against the shocks {s,.,
St425 -+ . » S;+N—-1} that are realized during the time ¢ trading session.

The absence of arbitrage opportunities in the money market guarantees
that

pAsh = D plsth (4)

sl*N*IEthI(JI)

will hold for all 1 € T and s’ € W. Otherwise, any agent could buy (sell)
nominal balances at the t after s’ has been realized, simultaneously sell
(buy) claims to equal quantities of nominal balances for every history
s™T¥-1 € B¥N-Y(s), and thereby make a certain profit. Summing (2) over all
sHN-1 € BN-1(s") and using (4) yields a stochastic Euler equation of the
form

pi(sH'[ci(s)] = E{BNpron (s M’ [ci(s*M)]}, 5)

which holds with equality when m{(s"*¥-1} > 0 for all s"*¥-!1 € h¥-!(s").

The nonnegativity constraint on money holdings makes the intersession
Euler equation (5) an inequality. As emphasized by Zeldes (1989), even if
the nonnegativity constraint does not bind in the current period, the possi-
bility that it will bind in some future period is enough to lower consump-
tion today. Thus, even when it holds with equality, Eq. (5) indicates that
the gains from trade are only partially exhausted across trading sessions,
when private credit markets fail. As the only available outside asset,
government-issued money is a valuable, but generally imperfect, vehicle
for agents to insure against the shock s,, y that is realized between trading
sessions.5

Note that for t+ € T, the distribution of cash balances held at the end of
time ¢t — 1, and hence carried into time ¢, following the realization of
history s~! can be summarized by the number

mey = m(s1) =1 - mli(s1),

Note also that government policy can be described completely by the
initial conditions M$ and M}, the gross rate of money supply growth per
trading session,

¢ In other words, money is an imperfect substitute for the private securities that cannot be
carried across trading sessions. Within trading sessions, on the other hand, a standard no-
arbitrage argument indicates that deflation must prevail, so that money and private securities
are perfect substitutes.
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Z(SI) = [HO(S’) + Hl(st) + Ms(sr—l)]/Ms(sl—l) = Ms(sH'N—-l)/Mx(st—l), (6)

and the size of the nominal transfer to the representative type 0 agent as a
fraction of the total money supply,

h(sl) = HO(S’)/M"(S’_I) = [Ms(sr+N—l) — Ms(st—l) — H'(s')]/MS(s"‘).
(7

Since agents are able to fully insure against all within-session shocks,
but cannot carry private securities across trading posts, m,_; and s, are the
only variables that distinguish the time ¢ trading session from any other.
The symmetry and stationarity assumptions made in the previous section
imply, therefore, that equilibrium prices and quantities can be expressed
as time-invariant functions of m,_, and s,. In particular, consumption and
money holdings are described by the functions c(m, s) and w(m, s), where

s =1-c'(s" = clm, s)
and
mo(s"* N1 =1 — m(s"*"N1) = wim,_y, s)),

while government policy is described by the functions z(m, s) and h(m, s),
where

(s = zlmy-1, 59
and
a(sY) = h(m,-, s,).
Since
myn-1 = plme-y, sy,

the equilibrium function u(m, s) governs how the distribution of money
balances across agent types evolves over time. For ¢t € T, let A,(m) denote
the probability, prior to ¢t = 1, that type 0 agents will carry the fraction m
of the total money supply into the time r trading session. In each of the
examples considered below, the function u(m, s) is such that x,(m) con-
verges to a limiting distribution as ¢ approaches infinity, as in Foley and
Hellwig (1975), regardless of the initial conditions M} and M. In each
case, therefore, the economy reaches a stochastic steady state in which
prices and quantities are strictly stationary random variables.
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Because the stochastic turnpike model features heterogeneous agents,
it is necessary to specify precisely which welfare criterion is to be used in
evaluating policy experiments. In each of the examples considered below,
it is assumed, following Taub (1988), that the initial conditions M and M}
and the functions z(m, s) and h(m, s) are determined simultaneously by
starting the economy up in its stochastic steady state. Prior to the initial
period, the government announces its choices for z and A. It then chooses
M$ =1 — M} randomly, giving the representative type 0 agent a fraction
m of the initial money supply with probability A(m), where A is the limiting
distribution of money balances under the policy described by z and A. This
strategy amounts to choosing z and # before agents have been distin-
guished by type and therefore allows each policy to be evaluated accord-
ing to the ex-ante expected utility that it provides to any representative
agent.’

5. THE COSTS AND BENEFITS OF INFLATIONARY POLICY

Since agents hold money primarily to insure against the endowment
shocks that are realized between trading sessions, the stochastic turnpike
model captures the asset demand for money. Levine (1991) and Kehoe et
al. (1992) discover that in their model of the asset demand for money,
inflationary policies have insurance-providing benefits that often make a
positive rate of inflation preferable to zero inflation. In this earlier model,
however, money is the only financial asset. Using the stochastic turnpike
model, this section applies numerical methods to determine whether infla-
tion continues to be welfare-improving when money and private credit
instruments coexist.

To perform the numerical work, the utility function is specialized to the
constant elasticity of substitution (CES) form,

u(c) = (¢! — DY — o), o>0.

In order to focus on the effects of relaxing the constraints that limit the
existence of private credit markets, the preference parameters are held
fixed throughout most of the analysis, with 8 = 0.95 and ¢ = 2; to
investigate the robustness of the results, however, experiments with log
utility (o = 1) are also discussed.? The high and low endowments are also
held fixed; with wy = 0.99 and w; = 0.01, agents have strong incentives

7 Levine (1991) and Kehoe er al. (1992) adopt a similar ex-ante welfare criterion.
8 The brief review of the literature in Mehra and Prescott (1985) cites estimates of o that
are generally between | and 2; the settings for o used here bracket this range.
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for trade but autarky is still possible. The appendix outlines the numerical
solution procedure.

Levine (1991) and Kehoe et al. (1992) constrain government policy so
that it cannot respond to the state of the economy or distinguish between
agents of different types. In the context of the stochastic turnpike model
presented here, this class of policies corresponds to those that call for a
constant growth rate of the money supply effected by equal lump-sum
transfers to all agents. With H%s") = H!(s"), Eqs. (6) and (7) imply that the
functions z(m, s) and h(m, s) must satisfy

z(m, 5) =z 8
and
h(m,s) = (z — 1)/2 9)

for all m € [0, 1] and s € {0, 1}. Note that in the stochastic turnpike model,
a steady rate of monetary expansion does not generaily give rise to a
constant inflation rate. Since the aggregate endowment is fixed at unity
and since p,(s’) is the inverse of the price level at time ¢, the equation of
exchange MV = PY indicates that the income velocity of money in this
economy is described by the function v(m, s), where

vim-y, 5) = v(s) = VIpdsHM>(s' ],

Velocity varies over time with the state (m,_;, s,) of the economy, so the
inflation rate equals the money growth rate only on average.

When the functions z(m, s) and h(m, s) are constrained to satisfy (8) and
(9), the stochastic turnpike model becomes quite similar to the model
studied by Levine (1991) and Kehoe et al. (1992). Private credit markets
are shut down altogether, money is the only asset, and the government
cannot distinguish between agent types. In fact, the benefits of inflation-
ary policy found in the earlier model are also present here.

Table 1 summarizes the effects of various constant money growth rates
in the turnpike economy with N = 1. Since z is the growth rate of money
per trading session, z'"V is the growth rate of money per period. At first,
expected utility in the stochastic steady state increases with the rate of
money growth. Welfare is highest when the money supply expands by 3%
per period. For rates above 3% agents are made progressively worse off
by additional money growth.

? Only nonnegative money growth rates are considered, since work by Bewley (1980,
1983) indicates that monetary equilibria may fail to exist under deflation when agents have
an asset demand for money and policy must satisfy constraints like (8) and (9).
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TABLE 1
CONSTANT MONETARY GROWTH: ¢ = 2, N =1

Money growth Variance of Average Welfare

per period consumption velocity Expected cost

ZIN Vicim, 5)] Efv(m, 5)] utility w*
1.00 0.0142 0.2578 -23.1909 1.0000
1.0t 0.0148 0.3108 —23.1784 0.9997
1.02 0.0156 0.3473 —22.9980 0.9954
1.03 0.0163 0.3820 —22.9685 0.9947
1.04 0.0170 0.4171 —22.9861 0.9951
1.05 0.0177 0.4511 —23.0991 0.9978
1.06 0.0184 0.4844 —23.2287 1.0009
1.07 0.0192 0.5173 —23.3708 1.0043
1.08 0.0199 0.5502 —23.5063 1.0075
1.09 0.0205 0.5828 —23.6096 1.0099
1.10 0.0212 0.6150 —23.7524 1.0133
1.12 0.0225 0.6797 — 24.0380 1.0201
% 0.2401 o —940.5960 22.7411

Table I reveals that agents economize on their real cash balances in
response to higher rates of inflation, so that average velocity increases
with z. As a result, the volume of trade falls and the variance of each
agent’s consumption rises with z. On the other hand, the transfers associ-
ated with a positive money growth rate ensure that agents never run out of
cash and guarantee that trade will be feasible precisely when it is needed
most. Here, as in Kehoe et al. (1992), there is a trade-off between these
two effects of inflation. The positive effect dominates at low rates of
money growth, making moderate inflation desirable.

The benefits of inflation are greatly reduced, however, when agents
have limited access to private credit markets. For the turnpike model with
N = 2, where agents can issue private securities every other period, Table
II shows that welfare peaks when money growth is less than 0.1% per
period. For N = 3 and N = 4, where private securitics play a larger role,
Tables III and IV indicate that the harmful effects of inflation dominate
even at very low rates of money growth.

Kehoe ef al. (1992) find that monetary expansion is most likely to be
desirable when endowments are highly variable. If the ratio w;/wy is
small, then an agent who is short on money balances and receives the low
endowment has a much higher marginal utility of consumption than an
agent who has a large cash hoard and receives the high endowment. The
extra money received through government transfers is then extremely
valuable in facilitating trade. When credit markets are open, however, an
unlucky agent with no money can still obtain goods by issuing private
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TABLE 11
CONSTANT MONETARY GROWTH: 00 = 2, N = 2
Money growth Variance of Average Welfare
per period consumption velocity Expected cost
2N Vicim, 5] Efv(m, s)} utility w*
1.000000 0.012178 0.674153 —21.219474 1.000000
1.000001 0.012177 0.674163 —21.219449 0.999999
1.00001 0.012177 0.674250 —-21.219221 0.999994
1.0001 0.012167 0.675148 —21.216643 0.999930
1.001 0.012235 0.683414 —21.228003 1.000212
1.01 0.0126 0.7735 —21.2768 1.0014
1.02 0.0138 0.8855 -21.4751 1.0064
1.04 0.0159 1.1403 —21.8474 1.0156
1.06 0.0172 1.3620 —-22.0759 1.0213
1.08 0.0185 1.5823 —22.2863 1.0265
1.10 0.0196 1.8092 -22.4728 1.0312
1.12 0.0209 2.0535 ~22.6974 1.0367
® 0.0631 x —31.8409 1.2641

securities. Thus, the transfers in the turnpike model become less impor-

tant as N increases.

Table [-1V also report the welfare costs of the constant money growth
rate policies. For each value of N, the welfare costs are calculated by
finding the quantity w* such that the expected utility of a representative
agent in the economy with z > 1, a high endowment of w*wy, and a low
endowment of w*wy is equal to the expected utility of a representative

TABLE 111
CONSTANT MONETARY GROWTH: ¢ = 2, N =3
Money growth Variance of Average Welfare
per period consumption velocity Expected cost
ZUN Vic(m, s)] Elv(m, s)] utility w*
1.000000 0.010407 1.309977 —20.741075 1.000000
1.000001 0.010407 1.310008 —20.741079 1.000000
1.00001 0.010407 1.310286 —20.741118 1.000001
1.0001 0.010410 1.313137 -20.741542 1.000012
1.001 0.010459 1.336838 —20.748719 1.000192
1.01 0.0112 1.5619 —-20.8617 1.0030
1.02 0.0118 1.8123 —20.9668 1.0057
1.04 0.0136 2.4709 -21.2605 1.0131
1.06 0.0154 3.3488 —21.5671 1.0208
1.08 0.0159 3.9285 —21.6496 1.0229
1.10 0.0167 4.6330 —21.7668 1.0258
1.12 0.0176 5.5034 -21.9122 1.0295
x 0.0295 x —24.0855 1.0842
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TABLE IV
CONSTANT MONETARY GROWTH: 0 = 2, N = 4
Money growth Variance of Average Welfare
per period consumption velocity Expected cost
P Vie(m, s)] Elv(m, $)] utility w*
1.000000 0.008931 2.342301 —20.440133 1.000000
1.000001 0.008931 2.342375 —20.440140 1.000000
1.00001 0.008931 2.343039 —20.440203 1.000002
1.0001 0.008935 2.349696 —20.440834 1.000018
1.001 0.009037 2.416420 —20.457555 1.000442
1.01 0.0100 3.1670 —20.6124 1.0044
£.02 0.0103 3.6523 ~20.6524 1.0054
1.04 0.0111 4.9786 —20.7831 1.0087
1.06 0.0122 7.1386 —-20.9676 1.0134
1.08 0.0136 11.2163 ~21.1951 1.0191
1.10 0.0152 21.5922 —21.4582 1.0258
1.12 0.0169 98.2424 -21.7521 1.0333
x 0.0174 x —21.8506 1.0358

agent in the economy with z = 1, a high endowment of wy, and a low
endowment of w; . Thus, w* measures the increase in average endowment
that compensates a representative agent for a positive rate of money
growth and, hence, a positive average inflation rate. As noted by Imro-
horoglu (1992), this welfare cost measure explicitly accounts for the in-
crease in consumption variability caused by higher inflation.

Table I indicates that for N = 1, the net benefit of a 3% average inflation
rate relative to a zero average inflation rate is equal to slightly more than
0.5% of average income. The welfare cost of a 10% average inflation rate
relative to zero inflation is 1.33% of average income. Comparing the costs
of inflation when N = 2 to those with N = 1 reveals two ways in which
these costs change as agents gain access to private credit markets. Be-
cause these two effects work in opposite directions, one cannot say that
the cost of any given rate of inflation increases or decreases unambigu-
ously as private securities replace money in increasing numbers of trades.

As discussed above, the positive effects of monetary expansion dimin-
ish in importance as N increases. Through this effect, the welfare cost of
any given inflation rate tends to increase with the length of each trading
session. However, since money is used in fewer transactions, the reduc-
tion in monetary trade resulting from inflation becomes less significant as
N increases. Through this effect, the cost of inflation tends to decrease
with the length of each trading session. Tables I-1V show that the first of
these effects tends to dominate at low rates of money growth, so that the
costs of moderate inflations increase with N. Eventually the second effect
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takes over, so that the costs of more rapid inflations decrease with N.
Thus, the cost of an 8% inflation first rises from 0.75% of income when
N =1102.65% of income when N = 2, then falls to 2.29% of income with
N = 3 and 1.91% of income when N = 4. Even this pattern is not com-
pletely uniform, however. Although the cost of a 10% inflation rises from
1.33% of income with N = 1 to 3.12% of income with N = 2, then falls to
2.58% of income with ¥ = 3, it remains at 2.58% of income with N = 4.
Similarly, the cost of a 12% inflation rises from N = 1 to N = 2, falls from
N = 2to N = 3, then rises again from N = 3to N = 4.

The tables illustrate that the government’s ability to improve welfare
through inflationary policy becomes extremely limited as the trading ses-
sion is lengthened. At the same time, however, its ability to damage the
economy is also curtailed as N increases. Bailey (1956) notes that the
welfare cost of hyperinflationary rates of monetary expansion can be
bounded from above by computing the cost to the economy of abandoning
money altogether. Tables I-1V report this upper bound for each turnpike
economy in the rows labeled ‘‘z"N = =.”" Autarky is the only alternative
to monetary trade in the model with N = 1. The average endowment must
be increased by over 2200% to make agents as well off under autarky as
they are in a monetary equilibrium with a fixed money supply; thus, the
costs of hyperinflation when N = 1 can be quite high. For N = 2, consid-
erable amounts of trade can take place without the use of money, so that
the upper bound on the welfare cost of hyperinflation is 26.4% of average
income when N = 2, 8.4% of income when N = 3, and only 3.6% of
income when N = 4,

Previous estimates of the welfare cost of a sustained 10% inflation
include the figure of 0.4% of income found by Cooley and Hansen (1989)
using a version of the representative agent cash-in-advance model, where
agents have a transactions demand for money. This estimate is consider-
ably smaller than those found here and in Imrohoroglu (1992), where
agents have an asset demand for money. On the other hand, Cooley and
Hansen report that the cost of a 400% inflation is over 7.5% of income in
their model, where all purchases of consumption goods are made with
money. This estimate is larger than the cost of hyperinflation found here
for the turnpike economy with N = 4, where there is considerable scope
for private credit arrangements that circumvent the need for money.

Table V reports the welfare costs of constant money growth rate poli-
cies when the risk aversion parameter is reduced to o = 1, so that prefer-
ences are logarithmic. Since agents are less risk averse, the insurance-
providing effects of inflationary policy are even less important than in the
cases shown in Tables I-1V. With N = 1, welfare reaches a peak under a
rate of money growth that is less than 1% per period. For N = 2, the
negative effects of inflation dominate at all positive rates of money
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TABLE V
CONSTANT MONETARY GROWTH: o = |
Money growth Welfare cost w*
per period
ZUN N =1 N=2 N=3 N =
1.000000 1.000000 1.000000 1.000000 1.000000
1.000001 0.999999 1.000000 1.000000 1.000000
1.00001 0.999990 1.000002 1.000001 1.000003
1.0001 0.999910 1.000015 1.000012 1.000029
1.001 0.999782 1.000380 1.000121 1.000292
1.01 1.0045 1.0048 1.0014 1.0032
1.02 1.0091 1.0075 1.0033 1.0070
1.04 1.0204 1.0154 1.0082 1.0094
1.06 1.0317 1.0251 1.0143 1.0094
1.08 1.0435 1.0301 1.0214 1.0094
1.10 1.0591 1.0331 1.0266 1.0094
1.12 1.0679 1.0367 1.0266 1.0094
* 4.6304 1.1025 1.0266 1.0094

growth, Table V also reveals a possibility that does not arise in the earlier
examples: when agents are not very risk averse and have access to limited
markets for private securities, their asset demand for money can vanish
completely. Monetary equilibria with o = 1 do not exist for money growth
rates in excess of 10% when N = 3 and 4% when N = 4; the welfare costs
of these policies equal the welfare costs of abandoning money altogether.

Levine (1991) and Kehoe et al. (1992) find that when agents have an
asset demand or money, the insurance-providing effects of inflationary
policy can make a positive rate of money growth desirable. The results
presented here, however, show that this striking result depends in large
part upon assumptions that rule out the existence of private credit mar-
kets. They suggest that where money and private securities coexist, the
dominant effect of inflation on welfare is likely to be the same one identi-
fied by models of the transactions demand for money: inflation causes
agents to inefficiently economize on their cash balances and thereby in-
hibits welfare-improving exchange. The results also illustrate that the
existence of private credit markets limits the government’s overall ability
to do both harm and good through inflationary policy.

6. THE INFORMATIONAL CONSTRAINTS ON
INFLATIONARY POLICY

In each of the examples considered above, the government cannot
observe the state of the economy and cannot distinguish between agent
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types; these informational restrictions give rise to the constraints (8) and
(9) on the functions z and 4. At an opposite extreme from this class of
policies is the case where the government can observe and respond to the
state of the economy and where it can effectively discriminate between
agents of different types. In this case, both z and 4 can depend nontri-
vially on m and s. In addition, the government can choose its transfer
h(m, s) to type 0 agents independently of its transfer z(m, s) to the econ-
omy as a whole. The government can then implement the economy’s
Pareto-optimal resource allocation under which all agents are treated
alike, as the following proposition (proved in the Appendix) shows:

PROPOSITION. A Pareto-optimal allocation is supported in equilib-
rium under the policy that sets z(m, s) = BV, him, s) = (BN — 1)
[(1 — $)wn + swL], and M§ = M§ = 1/2.

The proposition indicates that the Friedman rule is optimal in the sto-
chastic turnpike model since, with z(m, s) = 8V, the money supply is
steadily contracted so as to make the nominal interest rate equal to zero.
As in Townsend’s (1980) original turnpike model, however, implementing
the optimal allocation through Friedman-style deflation requires that the
monetary authority distinguish between agents of different types by as-
sessing larger lump-sum taxes on those who receive the high endowment.

Intermediate between these first two cases is one in which the govern-
ment can respond to the state of the economy but cannot distinguish
between agent types. In this case, the function z can depend nontrivially
on m and s, although maintaining the symmetry assumption requires that
z(m, s) satisfy

zZim,s) =z(1 —m, 1 — g) (10)

forallm € [0, 1] and 5 € {0, 1}. Since H(s") and H(s*) must be identical,
Eq. (7) implies that the function A must satisfy

h(im, s) = [z(m, s) — 1172 (1

for all m € [0, 1] and s € {0, 1}. Equations (10) and (11) indicate that the
government can no longer choose the functions z(m, 0), z(m, 1), h(m, 0),
and A(m, 1) independently when it cannot distinguish between agent
types. In particular, the Friedman-style policy called for by the proposi-
tion is no longer feasible.

Nevertheless, there exist policies that satisfy the informational con-
straints (10) and (11) that call for zero inflation on average and improve on
all of the policies considered in Tables I-1V. For example, suppose that

zm, 1) = [1.02 — 0.04m]V,
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and let z(m, 0) and h(m, s) be determined by (10) and (11). This policy
calls for 2% money growth per period during trading sessions when agents
who receive the low endowment at the beginning of the session have run
their money holdings down to zero. It offsets this expansion by contract-
ing the money supply by 2% per period when agents who receive the low
endowment at the beginning of the period hold the entire money supply.
Money growth lies somewhere between —2% and 2% per period when
both representative agents hold a share of the money stock. Thus, the
policy takes advantage of the positive redistributive effects of inflationary
policy when these effects are most valuable but still maintains zero money
growth on average. It may be characterized as being countercyclical,
since money growth varies inversely with the volume of trade.

When the risk aversion parameter is reset to oo = 2, Table VI shows that
in the turnpike economy with N = 1, agents prefer the countercyclical
policy to even the welfare-maximizing constant money growth rate of 3%
per period. The countercyclical policy is better than all of the constant
growth rate policies in the economies with N = 2 as well.

These results illustrate how the welfare consequences of inflationary
policy depend crucially on assumptions that limit the government’s infor-
mation set. When the government has little information about the econ-
omy, as in Levine (1991) and Kehoe et al. (1992), positive rates of infla-
tion can be welfare-improving. When the government has more

TABLE VI
COUNTERCYCLICAL PoLicy: o = 2
Money growth Variance of Average Welfare
per period consumption velocity Expected cost
[z(m, D)V Vicim, s)] Efv(m, s)] utility w*
N =1
1.00 0.0142 0.2578 ~23.1909 1.0000
1.02-0.04m 0.0140 0.2983 —22.4460 0.9823
1.03 0.0163 0.3820 —22.9685 0.9947
N=2
1.00 0.0122 0.6742 -21.2195 1.0000
1.02-0.04m 0.0110 0.7036 —20.9426 0.9931
1.0001 0.0122 0.6751 —21.2166 0.9999
N=3
1.00 0.0104 1.3100 —20.7411 1.0000
1.02-0.04m 0.0098 1.3643 -20.6213 0.9970
1.01 0.0112 1.5619 —20.8617 1.0030
N=4
1.00 0.0089 2.3423 —20.4401 1.0000
1.02-0.04m 0.0084 2.3967 —20.3524 0.9978

1.01 0.0100 3.1670 —20.6124 1.0044
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information, however, the policy implications of the stochastic turnpike
model more closely resemble those of models of the transactions demand
for money; when the government can at least respond to the state of the
economy, zero average inflation is better than consistently positive infla-
tion, and when the government can distinguish between agent types as
well, the Friedman rule is optimal. These results also support Sargent’s
(1987, p. 270) more general conclusion that one cannot assess the welfare
consequences of inflation without being specific about how the govern-
ment brings about the underlying monetary expansion.

7. SUMMARY AND EXTENSIONS

Levine (1991) and Kehoe et al. (1992) present a model of the asset
demand for money in which money is the only asset and government
policy is constrained to involve a constant growth rate of the money
supply effected through equal lump-sum transfers to all agents. They
demonstrate that in this model, inflationary policy may be desirable be-
cause of the insurance-providing aspects of monetary expansion. A spe-
cial case of the stochastic turnpike model presented here is quite similar
to this earlier model. Agents have an asset demand for money, the only
financial asset, and the government provides constant nominal transfers
to all agents. In fact, the numerical results demonstrate that inflationary
policy is desirable in this special case of the turnpike model as well.

The numerical work also reveals, however, that inflation is no longer
desirable when agents have limited access to private credit markets, so
that government-issued money and privately issued securities coexist as
means of exchange. In addition, when the government is able to respond
to changes in the state of the aggregate economy, policies that feature
zero money growth on average are preferable to ones that are purely
expansionary. When assumptions that rule out the existence of private
credit markets and constrain the flexibility of government policy are re-
laxed, therefore, this model of the asset demand for money has policy
implications that more closely resemble those of representative agent
models of the transactions demand for money: inflation causes agents to
economize on their cash balances, inhibits trade, and therefore reduces
welfare. Furthermore, the overall efficacy of inflationary policy to do both
harm and good diminishes as the scope for private credit arrangements
expands.

As noted by Moutot (1991), models that feature heterogeneous agents
typically generate artificial time series that are considerably more variable
than those generated by representative agent models. In Cooley and Han-
sen’s (1989) cash-in-advance model, for example, both inflation and the
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income velocity of money are constant given constant money growth. In
the turnpike model presented here, inflation and velocity are variable,
even when money grows at a constant rate. If preferences were defined
over leisure as well as consumption if wy and w| represented productivity
shocks rather than endowment shocks, then the turnpike model would
also display endogenous fluctuations in aggregate output similar to those
found in Scheinkman and Weiss (1986). Whether government policy
should be aimed at smoothing these real fluctuations is a question for
future research.

Smith (1992) studies a stochastic model with heterogeneous agents and
production and finds that government policy affects the real interest rate
in ways that further complicate the welfare consequences of inflation.
Whether these effects arise in a stochastic turnpike model with produc-
tion is another question for future research. Adding production possibili-
ties and a labor-leisure choice to the stochastic turnpike model would
also allow the welfare cost of inflationary finance to be weighed against
the welfare cost of other distortionary policies, including taxes on labor
income. Imrohoroglu and Prescott (1991) and Cooley and Hansen (1991)
suggest that a complete assessment of the inflation tax requires such a
comparison.

Finally, the stochastic turnpike model presented here contains only two
agent types; these types are distinct only because their endowments dif-
fer. Whether introducing additional forms of heterogeneity would yield
further insights or merely complicate the analysis is unclear.

APPENDIX

Numerical Methods

Competitive equilibria for the stochastic turnpike economy are con-
structed by characterizing them as solutions to a system of functional
equations and then solving this system of functional equations numeri-
cally.

Let the functions ¢(m, s}, u(m, s), z(m, s), h(m, s), and v(m, s) be as
defined in the text. Substituting these functions into the representative
type 0 agent’s budget constraint (which will always hold with equality)
yields

m,_y + h(m,_y, 8,
U(ml—] , 81)

Bl — BN
2(1 - B)

(1= BNelmyy, s) | wlm_y, s)z(m,_y, ;)
a -8 " v(m,,, s) > (A

+ [(1 — s)wy + s;w] +




INFLATIONARY POLICY WITH CREDIT MARKETS 267

where the result that g,(s'*) = (8/2)/ and Eqgs. (3) and (4) have all been
used. Substituting the functions into the stochastic Euler equation (5) for
both i = 0 and { = 1 yields

wlctme, s)] BN {u’[C(M(ml-l,s,), sHN)]} (A.2)

vime_y, 50 zZlmey, s) U v(ulme-y, 80, sieN)
and
wll = ctn1, 801 B~ {u’[l — clulm,,, s1), s,+~)]} (A.3)
v(m,_y, s1) - z2(mey, 5) ! U(l/v(ml—l» 51, St4N) ’ )

Since (A.1)—(A.3) must hold for all m,-, € [0, 1] and s, € {0, 1}, they
may be rewritten as the functional equations

u'lc(m, 5)] . )
v(m, s) yim, s
_ BY |dle(um, s), DI w'[c(u(m, s), 0)]
= 320m, ) [ o, 9. D T o(ulm, ), 0) ] (A4
W[l = clm, s)]
T oims) p(m, s)
BN W'l = o(um, s), D] | W[l = c(u(m, s), 0)]
= %2(m, 9) [ Haom, s, D T uplm, 5), 0) } (A.5)
_(1-8 [m + h(m, s) — u(m, s)z(m, s)
c(m. s) = (1 = ,3”) o0, )
_ g — gN~h
+ [(1 — S)ou + sw ] + BT ], (A.6)
v(m, s)u(m, s) = 0, y(m, s) = 0, (A.7)
and
e(m, s)[1 — u(m, 5)] =0, e(m,s) = 0. (A.8)
In addition, symmetry requires that
cm,s) =1 —c(l —m, 1 —3), (A.9)
pum,s)=1—-pu(l —m, 1 —3s), (A.10)

vim,s) =v(l —m, 1 — s), (A.1D)
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and
yim,s) =l —m, 1 — s). (A.12)

Competitive equilibria for the stochastic turnpike model are identified as
solutions to the system of functional equations (A.4)—(A.12).

The solution to (A.4)-(A.12) is found numerically by approximating
wim, 0) and v(m, 0) by the piecewise cubic functions

am,0) = a, + bom + c;m? + dom? (A.13)
and
0(m,0) = e, + fim + gim® + hyn, (A.14)

wherek=1ifme[0,0.2),k=2ifme[0.2,04),k=3if me[0.4,0.6),
k=4ifme[0.6,0.8),and k = S if m € [0.8, 1.0]. Given the approxima-
tions g(m, 0) and 6(m, 0), approximations ¢(m, 0}, a(m, 1), 6(m, 1), and
¢(m, 1) are constructed so that (A.6) and (A.9)-(A.11) are satisfied.

The coefficients {ax, by, ¢k, di, €x, fx, 8k Mi}i-1 are determined by
requiring that Eqgs. (A.4) and (A.5) hold at 20 values for m on [0, 1]; the 40
nonlinear equations are solved for the 40 unknowns. The approximations
v(m, 0) and @(m, 0) are constructed so that (A.7) and (A.8) are satisfied at
the same 20 values for m. The approximations y(m, 1) and @¢(m, 1) are
constructed to satisfy Eq. {A.12). Throughout, the constraints é¢(m, s) >
0,1 =/p4(m,s) =0, and 6(m, s) > 0 forall m € [0, 1] and 5 € {0, 1} are
imposed. Finally, the limiting distribution A is found by confining the
approximation for w(m, s) to the finite set M = {0, 0.01, 0.02, . . . 1} and
solving the equations

A(m') = > )\(m)+% > Am)

meEMyim’) mEM,(m')

b=

for all A(m’) such that m' € M, where

Myim') = {m € M: u(m, 0) = m’'} and
M(m)Yy={meM: uim, 1) = m'}.

This solution procedure specializes the projection methods outlined by
Judd (1992) by choosing the set of piecewise cubic functions in Egs.
(A.13)-(A.14) as a basis and a collocation method for the projection con-
ditions. Piecewise cubic approximation allows for considerable nonlinear-
ity in the functions ¢, m, and v and, in particular, for kinks in these
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functions associated with binding nonnegativity constraints on money
holdings.
Proof of Proposition

With z(m, s) = BV, h(m, s) = (BY — DI(1 — Hwn + sw.], and M{ =
Mj =4,

Ms(sttN-1) = greN-]
forallt € T, s' € h', and sV~ € W*N-1 and
Hi(s") = B"HBY — Dyi(s)

forallz € T and s* € h'.
Suppose that

a/(s'*7) + (B/2y
foralteT,s"€h,j=0,1,...,N -1, and s € h(s,
pds) = 1B~ = M)
forallt € T and s' € W, and
ps™ N1y = 1/[B(1 — gN)2N1]

forall t € T, s € W, and s*¥-! € WV-I(s). Then for i € {0, 1}, the
representative type i agent’s problem is solved with

Ci(sr+j) — %
foralteT,ss€h’,j=0,1,...,N -1, and s € h/(s") and
mi(sHN—l) = %

forallt €T, s’ € W, and s'*¥~! € WV~ !(s"). These quantities also satisfy the
market clearing conditions required by the definition of competitive equi-
librium.

Thus, the policy described by the proposition gives rise to an equilib-
rium in which each representative agent consumes half of the aggregate
endowment for sure in every period. Since the Pareto-optimal allocation
that treats all agents alike also supplies each representative agent with
half of the aggregate endowment for sure in every period, this policy
implements a Pareto optimal allocation.
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